We study entanglement between the spin components of the Bardeen-Cooper-Schrieffer (BCS) ground state by calculating the full entanglement spectrum and the corresponding von Neumann entanglement entropy. The entanglement spectrum is effectively modeled by a generalized Gibbs ensemble (GGE) of non-interacting electrons, which may be approximated by a canonical ensemble at the BCS critical temperature. We further demonstrate that the entanglement entropy is jointly proportional to the pairing energy and to the number of electrons about the Fermi surface (an area law). Furthermore, the entanglement entropy is also proportional to the number fluctuations of either spin component in the BCS state.
Bipartite entanglement in a pure state, say ρ AB = |ψ ψ|, arises from quantum correlations between subsystem partitions A and B. Due to these correlations measurements performed on one partition, say A, exhibits fluctuations of purely quantum character. Complete information on these subsystem fluctuations is contained in the reduced density operator ρ A = tr B ρ AB , which is obtained by averaging over a complete set of states belonging to B. Quantifying entanglement in ρ AB involves measuring the degree of uncertainty of the underlying probability distribution over projections onto the Schmidt states of ρ A (that is, the eigenvalues and eigenvectors of the reduced density operator). A popular scalar measure used for this purpose is the von Neumann entanglement entropy
which is identical to the Gibbs entropy associated with the probability distribution {p i } = spec ρ A . Alternatively, the full eigenvalue spectrum of ρ A may be used as a measure of entanglement in pure states, because comparisons with effective thermal distributions can sometimes provide additional physical insight.
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Many recent studies of entanglement entropy in manyparticle systems focus on correlations between spatial partitions. 4 This emphasis may be based on some current designs of quantum computers that manipulate entangled qubits that are separated in space. 5, 6 However, the more general idea of entanglement as a manifestation of quantum correlations makes studies of entanglement under other partitioning schemes valuable in the understanding of interacting systems. For instance, a general scheme for the computation of modewise entanglement entropy that is relevant to the system discussed here has been derived for bosonic [7] [8] [9] [10] and fermionic 11, 12 Gaussian states. One of the main conclusions in these papers is that the analysis of mode entanglement in such Gaussian states can be reduced to an analysis of two-mode (pair-wise) entanglement, which greatly simplifies the theoretical study of entanglement in these many-body systems. Also, mode entanglement has been studied previously in the context of examining single-particle nonlocal quantum effects (Bell inequalities) [13] [14] [15] [16] [17] and extractable entanglement from assemblies of identical particles for quantum information processing tasks (entanglement of particles).
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In this paper, we calculate the entanglement entropy present between the spin components of an electron system with pair interactions. That is, we partition the ground state of a mean-field Bardeen-Cooper-Schrieffer (BCS) model 24 into spin-up and spin-down subsystems and compute the von Neumann entropy in the resulting reduced state. We refer to this entropy as the spin entanglement entropy or spin-EE to emphasize the chosen partitioning scheme. Previous studies of quantum correlations and entanglement in the BCS state under similar mode partitioning have used different measures such as concurrence, [25] [26] [27] [28] negativity, 29 and pairing. 12 Close to our work is a general calculation for the modewise entanglement in a pure Gaussian state, 11 of which the BCS ground state is an example. The work presented here is different from these in two important respects. First, as opposed to the local entanglement measures (in momentum space) reported, 27, 28 we investigate entanglement in the full many-particle ground state to establish an area law. 30 Second, our use of the entanglement spectrum and von Neumann entropy as measures allows us to obtain simple results that clarify the physical relationships between component interactions, entanglement entropy, and number fluctuations. In particular, we establish the analytical dependence of the entanglement spectrum and spin-EE on the physical parameters of the BCS model: the pairing energy ∆ (which depends on the electronphonon coupling strength) and the density of single particle orbitals g(0) at the Fermi energy µ (which depends on the mean number of electrons in Cooper pairs). These contributions may prove useful in the study of entangled Cooper pairs in the wake of recent proposals to extract them from superconducting tips via field emission into vacuum. 31, 32 Additionally, the results presented here allow one to make general statements about the scaling laws obeyed by these quantities in BCS and BCSlike states and provide a practical means of quantifying Furthermore, we demonstrate that an analysis of the entanglement spectrum of these ground states yields information on the critical properties of the model at finite temperature.
Our study begins with a brief review of the BCS model, with an emphasis on essential features that are relevant to the generation of ground state spin entanglement (Sec. I). We then construct a thermal model of non-interacting fermions that allow us to treat the statistical effects of pair formation and annihilation in the reduced single component state as resulting from effective thermal excitations (Sec. II). Next, we calculate the total spin entanglement entropy in the BCS state and discuss its simple relationship with the pairing energy, the number of electrons forming Cooper pairs, and the number fluctuations in the ground state (Sec. III). Finally, we point out that these results also apply to mean-field models with bilinear intercomponent coupling (Sec. IV).
I. MODEL
We consider here the model BCS hamiltonian
The electron orbital energy ξ k = k − µ is measured with respect to the Fermi energy µ and the pairing energy ∆ is approximated to be independent of electron wavevector. The prime in the second sum means that only electrons with energy within the Debye shell
attractively to form Cooper pairs (the Debye energy
D is the phonon energy scale). The mean-field hamiltonian H is bilinear in fermion operators and therefore its eigenstates are fermionic Gaussian states. 11, 12 Entanglement measures in these states can therefore be calculated from the reduced correlation functions of the model 7, 34 or from the exact diagonalization of the reduced density operator, as we do below.
The ground state of the hamiltonian H is the BCS wavefunction
This is a linear superposition of all possible occupancies of Cooper k-pairs |n k↑ n −k↓ k , where u k (v k ) is the probability amplitude for the k-pair orbital being unoccupied (occupied). Inside the Debye shell
while outside this shell
The quantity |v k | 2 is therefore the probability that the pair orbital |n k↑ n −k↓ k is occupied. The orbital |n k↑ n −k↓ k in eq. (3) is labeled by the wavevector of the spin-up electron of the Cooper pair. In this form, the BCS wavefunction is manifestly Schmidt decomposed with respect to the different spin components. This observation is important because it implies that the reduced density operator ρ ↑ ≡ tr ↓ ρ ↑↓ is diagonal in the Fock basis of spin-up electron orbital occupancies. This fact greatly simplifies the analysis of spin entanglement in the |BCS state.
The full density operator ρ ↑↓ = |BCS BCS| for the BCS ground state is
Averaging over all possible occupancies of spin-down electrons gives the reduced density operator for the spin-up electrons
This reduced density operator ρ ↑ = k ρ ↑ k acts on a tensor product space that consists of the independent state spaces of spin-up electrons, each labeled by the wavevector k.
II. ENTANGLEMENT SPECTRUM AND EFFECTIVE THERMAL MODEL
The entanglement spectrum spec ρ ↑ consists of the set of all probabilities {|u k | 2 , |v k | 2 } (Fig. 1 ). This spectrum is qualitatively similar to the probability distribution of orbital occupancies of non-interacting fermions at thermal equilibrium (unit occupancy deep within the Fermi surface, zero occupancy far outside it, and a smooth transition of width ∆ ∼ β −1 ). 35 The mapping between the entanglement spectrum and an effective thermal distribution of orbital occupancies may be accomplished by the method of correlation functions. 34 To do so, we require
which gives the effective reciprocal temperature
It turns out that the exact reciprocal temperature β e is a function of orbital momentum and thus the effective thermal analog of the reduced state ρ ↑ is a generalized Gibbs ensemble (GGE)
36 of non-interacting spinpolarized fermions:
As the pairing energy ∆ goes to zero, the effective temperature also goes to zero for all k, which yields a reduced state that is consistent with the ground state of an electron gas.
To obtain an approximate effective canonical Gibbs ensemble (constant temperature), we can define a constant β 0 e for which the mapping (8) holds identically at ξ k = ±∆. Doing so leads to the constant reciprocal temperature
The approximation β e (ξ) → β 0 e is good in the vicinity of the Fermi surface ξ k ∈ [−∆, ∆] where entanglement is greatest |u k | 2 ≈ |v k | 2 (Fig. 2) . We remark that the effective temperature β 0 e describing the entanglement spectrum of either spin component is approximately equal to the BCS critical temperature
γ being the Euler-Mascheroni constant. This correspondence suggests that the difference between the entanglement entropy of the BCS ground state and the unentangled normal metal state may be physically interpreted as a measure analogous to the difference in free energy between the superconducting and normal phases. As an aside, since the integrals used to evaluate the effective (11) and critical (12) temperatures are distinct, their approximate equality may be of interest to number theorists.
III. ENTANGLEMENT ENTROPY
The total spin entanglement entropy in the BCS state S ↑ = − tr ρ ↑ ln ρ ↑ is a sum of partial contributions 0 ≤ S ↑ k ≤ ln 2 from each k-pair orbital in the Debye shell: In the thermodynamic limit, the spin-EE is given by the integral
where
2 and the density of states g(ξ) can be calculated from the bare dispersion relation ξ k . 37 The total spin-EE can be calculated exactly when the pairing energy is much smaller than the Debye and Fermi energies, ∆ D µ, so that g(ξ) ≈ g(0) within the Debye shell and the limits of the integral can be extended to ±∞. This approximation is justified by the fact that the partial entanglement entropy S(ξ) is peaked about the Fermi surface with a width of the order of ∆. Evaluating the integral gives
The quantity g(0)∆ is the approximate number of electron orbitals in a shell of width ∼ 2∆ about the Fermi energy µ, which is precisely the interaction region where partial contributions to the total spin-EE are largest (Fig. 3) . Additionally, for ∆ µ the entanglement entropy S ↑ is proportional to the number of orbitals on the Fermi surface and we have an "area" law 30 for entanglement entropy between the two spin sectors. The area law (15) holds regardless of the dimensionality of the model; The interactions between spin components are short-ranged or "local" in the sense that an electron with momentum and spin k ↑ interacts with only one other electron −k ↓. We remark that this example of component entanglement due to Cooper pairing within an energy shell has similarities to the valence bond entanglement entropy, which is a measure of the number of spin-singlets shared between spatial partitions in a valence bond state. 38 This analogy clarifies the picture of entanglement as a measure of correlations across a partition and the general expectation of area laws when correlations are short-ranged. The simple result (15) shows that the spin-EE is proportional to the pairing energy ∆. This is a clear demonstration of how interactions between spin components lead to entanglement in a many-body system. When the coupling between spin-up and spin-down electrons vanishes at the superconductor-normal metal transition (∆ → 0) the ground state mode entanglement vanishes also. Indeed, a similar measure of total mode entanglement in the BCS ground state called the macrocanonical entanglement of pairing (MEP) 25 has been shown to vanish as ∆ → 0. The MEP is a measure based on the product of partial concurrences and has similar properties to the total spin-EE considered here. 39 The fact that these entanglement measures vanish when the pairing energy vanishes agrees completely with our previous result (11) that the temperature of the effective thermal model matches the critical BCS temperature.
A seemingly contrasting result 40 emphasizes the importance of properly defining the partitioning scheme when discussing entanglement entropy. In a previous study of a spatially partitioned BCS ground state on a lattice, the single-site entanglement entropy shows a completely opposite dependence on the pairing energy versus the spin-EE. 40 It turns out that the single-site entropy is maximum in the normal metal ∆ = 0 and diminishes as the gap opens in the superconducting phase.
Number fluctuations
The reduced spin-up electron state ρ ↑ is a statistical operator over Fock states and the number of paired spinup electrons N ↑ therefore fluctuates in the ground state. The associated variance in spin-up electron number is equal to
In the same approximation ∆ D µ used to calculate S ↑ , we find
which is one-fourth of the variance in total electron number in |BCS , σ 2 ↑↓ = πg(0)∆. This relationship can be interpreted physically as follows: Pair interactions controlled by ∆ lead to pair number fluctuations in the BCS ground state. Thus, electrons in the BCS state are gained and lost in pairs of opposite spin. This correlated fluctuation in the number of electrons of opposite spin gives rise to uncertainty in the determination of the reduced states ρ ↑ and ρ ↓ and, hence, to non-zero entanglement entropy. In fact, it turns out that the spin-EE and the number fluctuations in the BCS state are equal:
A similar relationship has been reported between local orbital concurrence and occupation number fluctuations. 26 These numerical equivalences can be expected from a mean-field theory with BCS-like interactions and has been anticipated by the exact calculation of the full counting statistics (FCS) function for the BCS state.
41
The proportionality between entanglement entropy and subsystem number fluctuations has been explored previously in spatially-partitioned fermion gases and other conformally-invariant theories. [42] [43] [44] However, the mechanism behind the number fluctuations in these latter examples is the gain/loss of particles from one spatial partition to another, and not the population/depopulation of electron orbitals as in the spinpartitioned BCS state discussed here.
IV. GENERALIZATIONS
Entanglement between the spin components is unaffected by unitary transformations within the subspace of either component. Our results therefore apply to ground states of other models with bilinear interactions between components. For example, a particle-hole transformation in one component gives the interaction term ∆ c † k↑ c −k↓ +c † −k↓ c k↑ , which can describe elastic scattering of spin-flipped electrons by fixed magnetic impurities in a mean-field approach. 45 Furthermore, the spin labels may be replaced by other component or isospin labels and our results may be used to describe mode entanglement in other two component systems such as electron system bilayers. 2, 46, 47 The main requirement for the validity of these generalizations is that the component interactions are quasi-local in momentum space, as they are in the mean-field theory of Cooper pairing.
Additionally, since the total spin-EE is a sum over independent partial terms, one can expect a scaling relationship similar to eq. (15) to hold even when the pairing energy ∆ depends on the wavevector k, as long as ∆ k slowly varies within the Debye shell.
CONCLUDING REMARKS
We have completely characterized the entanglement between spin components of the BCS ground state. The reduced states are mixed and described by a probability distribution of occupancies that is identical to a generalized Gibbs distribution with momentum dependent temperature, and similar to that of an effective non-interacting fermion gas at thermal equilibrium. We demonstrated that the temperature of the effective canonical ensemble is nearly equal to the critical temperature β 0 e = ∆ −1 ln[(2 1/2 + 1)/(2 1/2 − 1)] ≈ 1.76/∆. We emphasize that this result, which uses an effective thermal description of the partitioned ground state (T = 0), is distinct from (but related to) the well-established critical value β c = πe −γ /∆. The latter result is derived from the thermodynamics of quasiparticle excitations at nonzero temperature (T > 0). Also, we have calculated the spin entanglement entropy in |BCS and showed that it obeys an area law that is independent of system dimensionality (15) . That is, the spin-EE is proportional to the number of electron orbitals about the Fermi surface. Finally, we provided exact quantitative arguments that the spin-EE in BCS and BCS-like ground states arise from ground state fluctuations in the occupancy of Cooper pair orbitals.
In general, the entanglement entropy is a measure of the number of correlated degrees of freedom across a partition weighted by the strength of correlations. The simple example provided by the BCS ground state illustrates this in a very simple manner. The results presented here are not sensitive to the particular model under consideration in the following sense. If the effective distribution of electron (or fermionic quasiparticle) occupancies obtained from the entanglement spectrum possesses the following qualitative features: (i) unit occupation deep within the Fermi sphere, (ii) zero occupation far above the Fermi sphere, and (iii) a smooth transition of width ∼ ∆ about the Fermi energy, then the component entanglement entropy will scale according to the area law ∼ πg(0)∆.
